The higher temperature liquid (or melt) ÿlm ejected from a vessel and painted on the moving solid boundary is analyzed. The thermocapillary ow, driven by the gradient of surface tension on the free surface of a liquid ÿlm, changes the height proÿle of the liquid ÿlm. Based on the approximations of lubrication theory and perturbation theory, the equation of liquid height and the process of thermal hydrodynamics in the liquid ÿlm are solved for a given temperature distribution on the solid boundary and a given heat ux from the vessel. The solution shows clearly the obvious in uence of the thermocapillary ow on the thermal hydrodynamic process and the cross-section proÿle of the liquid ÿlm even for a Newtonian uid. The results may be used to explain the Barus e ect or the Die Swell e ect.
Introduction
The polymer processing requires the understanding of the hydrodynamic process in the liquid, see, for example, [1] [2] [3] . The temperature of the liquid or the melt, ejected from a nozzle of a vessel, is relatively higher in comparison with the one of environmental gas. Stronger heat exchange, especially near the vessel exit, result the temperature gradient or the surface tension gradient on the free surface, and induces the thermocapillary ow, which will, of course, change the cross-section of the jet liquid.
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thickness and its solution for given boundary temperature was obtained for unsteady cases in a thin liquid layer [4] . A similar method was applied to discuss the steady cases where a smooth condition at the symmetric cross-section was improved [5] . The problem of motionless and inÿnitely extending solid boundary was studied in [4, 5] . Furthermore, the solutal-capillary ow induced by the surfactant of the liquid may increase the thickness of the liquid layer [6] .
Thermocapillary ow in a liquid ÿlm jet painted on a moving boundary with given temperature distribution were discussed for the planar case [7] or the cylindrical case [8] . In the present paper, a heat ux from the vessel is involved in a two-dimensional and steady model as [7] , and the similar approximation of lubrication theory is assumed. In case of small geometrical aspect ratio and small capillary number, the perturbation method is applied. The ÿrst-order solutions of the problem can be obtained analytically, and a fourth-order ordinary di erential equation of the liquid layer height be demonstrated. The e ect of heat ux will further enlarge the cross-section in addition to the e ect of thermocapillary ow discussed in [7] . The conclusion of the present paper suggests a more enlargement of the cross-section. The Barus e ect or Die Swell e ect on the change of cross-section in a polymer jet is explained usually by the rheological property of the polymer melts [9, 10] . The results of present paper show that, the Die Swell e ect may also be explained by the thermocapillary e ect in the liquid jet of a Newtonian uid.
Model of the problem
A simpliÿed model is suggested as shown in Fig. 1 , where the liquid layer with the height h 0 is ejected from a liquid vessel and painted on a moving solid ÿlm with height h s . Two-dimensional problem is described in a Cartesian coordinate system (x; y; z), and @=@y = 0. The liquid ows in a distance l far from the exit of the vessel, and there is a small geometrical aspect ratio = h 0 =l1. The liquid temperature T e at the vessel exit is higher than the environmental gas temperature T g and the temperature T l at x = l. A moving solid boundary moves with the same velocity u 0 of the liquid at the lower boundary of the vessel exit. The heat transfer from the moving solid ÿlm to the environmental gas via the liquid jet results a large temperature gradient on the free surface, and then, the thermocapillary ow in addition to the jet ow. The liquid is assumed to be incompressible and Newtonian with constant kinematics viscosity and thermal di usivity Ä. The relationships of the mass conservation, the momentum and momentum conservation and the energy conservation will be given as
where q(x; z) is the heat ux from the liquid of vessel, (u; 0; w) is the velocity vector, and ; p and T are, respectively, the density, the pressure and the temperature of the liquid. The boundary condition of the liquid layer may be summarized as follows:
where the superscript prime denotes the di erential such as h = dh=d x; n is the unit vector in the normal direction, T s is the temperature at the solid boundary, T * is a constant reference temperature, k and H are, respectively, the thermal conductivity of liquid and the heat transfer coe cient in the gas. Conditions (5)- (8) describe, respectively, the free surface z = h(x) as a stream surface, the viscous stress in the tangent direction balancing with the thermocapillary force driven by the surface tension gradient, the momentum conservation in the normal direction, and the heat transfer across the free surface where the radiation e ect is omitted. In addition to boundary conditions (4)- (9), the boundary conditions for the height of liquid layer should be given. And the problem of jet liquid ÿlm may, then, be solved. Generally, the problem in the liquid is coupled with the one in the solid, which is described as follows:
where T s (x) is given in uid boundary condition (5) . A linear solution can satisfy Eq. (11) and boundary condition (12) and (13) as follows:
where T l and T 0 are the temperatures at x=l and x=0, respectively. Solution (14) will be used in this paper.
Non-dimensional quantities and the parameters may be introduced based on the lubrication theory as follow [5] :
where the superscript s denotes the quantity in the solid, the typical temperature T * and the typical velocity v * are adopted, respectively, as
The basic feature of the lubrication problem is that, there are two typical scales of di erent order of magnitude, that is, one of the typical scales l is much larger then the another h 0 , and then, other quantities have different orders of magnitude. The non-dimensional parameter in this case are the Reynolds number Re and Peclet number Pe
The Prandtl number and the Marangoni number may be given as Ma = − T T * l=Ä = Pe; Re = PrMa, Non-dimensional equations and boundary conditions may then be written as
and the boundary conditions are listed as follows.
= Á( ):
where the Capillary number C = − T T * = 0 is usually much smaller than unity, and the non-dimensional Boit number is deÿned by Bi = Hh 0 =K.
Perturbation method
Due to the order of magnitude analysis (OMA), it requires that
where is a constant. It is noted that, deÿnitions of the Reynolds number and the Peclet number in (17) are times smaller then the usual deÿnitions, because the typical velocity v * is times smaller than the usual typical thermocapillary velocity. The perturbation method can be applied by the expansion based on the small parameter as follows:
Substituting relations (25) into the equations and boundary conditions, the problem can be solved order by order. The zero's order relationships can be written as
and the boundary conditions are = 0 :
= Á (0) :
Basic equations (26)-(29) of the zero's order of magnitude are similar to the ones given in [4, 5] . Hereafter, only the relationships of zero's order will be analyzed, and superscript (0) will is omitted for simpliÿcation. In case of small aspect ratio h=l1, a heat source can be applied to simulate the heat transfer from the vessel and written as
where Q 0 is a constant [11] . The temperature in the liquid ÿlm can be solved from Eq. (29) and boundary conditions (34) and the third of (30). The temperature solution is
where
The temperature s in (36) is given by (14), that is
and l is non-dimensional temperature at = 1. Eq. (28) gives the pressure as a function of only, and then (33) gives
where superscript denotes the di erential of . Substituting (38) into Eqs. (26) and (27) and using free surface condition (31), the velocity ÿeld in the liquid layer may be written as
and the function A is
The relation reduced to the one of Hu and Imaishi [7] if heat ux Q 0 is zero. Relationship (39) shows that longitude velocity consists of a main jet velocity U 0 in addition to the contribution of the cross-section variation and the thermocapillary e ect.
Height of liquid layer
Substituting solution (37), (39) and (40) into boundary condition (32) at the free surface, the height equation of the liquid layer is demonstrated as
The height equation is a fourth-order ordinary di erential equation, and its solution needs four boundary conditions on the height. The initial integration of Eq.
(42) gives a third-order ordinary di erential equation including an integral constant.
where integral constant c may be given by the boundary condition at = 0:
and boundary conditions Á (0) (0) = 1 is used. Four boundary conditions should be given for solving the problem, they are
where is the expansion angle of the jet, and ÿ is the inclination variation of the expanding angle at the exit of melt vessel. The variation of height is analyzed for di erent selected values of ( ; ÿ). The ÿrst and last conditions require that the cross-sections are the same at = 0 and 1. The last condition relates to a speciÿed value of Á (0), and has no limitation in discussing the general features.
Typical parameters in Eq. Substituting temperature distribution (37) and parameters (45), height equation (43) is then reduced as
Ordinary di erential equation (46) is solved under the boundary condition and parameter conditions by using the Runge-Kutta method.
The height proÿles in cases ÿ = 0, = 0:5 and 1:0 are given in Figs. 2 and 3 , respectively for di erent heat ux Q 0 . It could be seen that, the additional heat ux will obviously increase the height of liquid layer, and the larger the heat ux, the larger the height. Fig.  4 is the height proÿles in case ÿ = 2:0 and = 0. The same conclusion was obtained. The height proÿles reduce to the ones in [7] in case Q 0 = 0. Fig. 5 shows the height proÿles for k = 5:0 in case Q 0 = 5:0 and 10:0, respectively. The larger k means a shorter decay length of heat ux, and a larger temperature gradient on the free surface. In this case, there will be relatively a larger thermocapillary e ect. The results of Fig. 4 agree with the features.
Conclusion
In the present paper, the problem of polymer processing discussed in [7] is extended to involve an additional heat ux from the polymer vessel. All the results reduce to the ones of Hu and Imaishi [7] if the heat ux is zero. Similar to the analyses in [7] , the approximations of the lubrication theory and the perturbation theory are applied for the problem of jet liquid ÿlm, and the temperature, pressure and velocity depending on the height of liquid ÿlm can be analytically obtained. The determined problem of the liquid height is described by a third-order ordinary di erential equation with an integral constant, and the equation is solved under four boundary conditions. The results show that, the additional heat ux can further increase the in uence of thermocapillary e ect, and then further enlarge the cross-section of the jet liquid.
The Barus e ect has larger variation of cross-section, which may be two or three times larger than the cross-section at the vessel exit. Therefore, the results of the present paper show the mechanism on the cross-section change due to thermocapillary e ect and jet ow, and the e ect of heat ux Q 0 from the vessel may further increase the cross-section of the liquid layer in the assumption of a Newtonian uid.
The Barus e ect has been usually explained by the rheology property of the uid, and the di erence of normal stresses may enlarge the cross-section of the melt jet [9, 10] . The conclusion of the present paper shows that, the in uence of thermocapillary ow of a Newtonian uid has contribution to the enlargement of the cross-section. The both the e ect of rheology property of a non-Newtonian uid and the e ect of the thermocapillary ow was discussed elsewhere [12] , and either e ect has contribution to the enlargement of the cross-section in the polymer processing.
